A CUBIC IDENTITY FOR THE INFELD-VAN 
DER WAERDEN FIELD AND ITS APPLICATION. 



R. A. Sharipov 

Abstract. A cubic identity for the Infeld-van der Waerden field is found and its 
application to verifying an explicit formula for the spinor components of the metric 
connection is demonstrated. 



1. Introduction. 

The Infeld-van der Waerden field G is a special spin-tensorial field associated 
with the bundle of Weyl spinors SM over the four-dimensional space-time manifold 
M in general relativity. Along with the spinor metric d, the Infeld-van der Waerden 
field G forms the basic equipment of the spinor bundle SM. In this role d and G 
are similar to the metric tensor g of M. The fields d, G, and g are related to each 
other through a series of identities, e. g. we have 

2 2 3 

E E G 7 G "- = 2 s p> E G 7 G '-' = 2 z (i- 1 ) 

r— 1 r— 1 q— 

The identities (1.1) were considered in [1]. They are quadratic with respect to the 
components of the Infeld-van der Waerden field G. Here we consider the identity 

2 2 3 



\ s \ * r^r s r^m r-<sr r-<rr cm , /~trr ?m \ s r^rr „mn , 

/ , / y Lr p ^ss^q — U p °q + U q °p ~ °™ 9 9pq + 

s—1 s—1 n—0 /-. ~\ 

3 3 3 \ ' ) 



a=0 b=0 n=0 



which is cubic with respect to the components of G. 

The metric tensor g is canonically associated with its metric connection T. The 
metric connection r, in its turn, has an extension (r,A, A) to the spinor bundle 
SM . The spinor components A*j of this extension are given by the formula 

2 3 3 s-iis pp ynr q 
pi _ P rq s _ 

s -=i P =o ? =o 4 

s=l q=0 4 J=l j = l ^ 
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The formula (1.3) was derived in [1] by means of direct, but rather huge calculations. 
In this paper we verify this formula with the use of the identity (1.2). 

2. Coordinates and frames. 

The components of a vector and the components of a tensor are always relative 
to some basis. In the case of vectorial and tensorial fields we should have bases at 
each point of the space-time manifold M. Thus we come to the concept of a frame. 

Definition 1.1. A frame of the tangent bundle TM is a quadruple of vector fields 
To, Ti, Y2, T3 defined in some open domain of M and linearly independent at 
each point of this domain. 

Let To, Ti, T2, T3 be a frame of the tangent bundle TM Then the commutator 
[Ti, Tj] is a vector field that can be expressed through the frame fields: 

3 

t.t »' t - 

k=0 

The coefficients c-j in (2.1) are called the commutation coefficients of the frame 
To, Ti, T2, T3. They are uniquely determined for any frame. 

Definition 1.2. A frame To, Ti, T2, T3 of the tangent bundle TM is a called a 
holonomic frame if all of its commutation coefficients c,* are identically zero. 

Once we take some local coordinates x°, x 1 , x 2 , x 3 in the space-time manifold 
M, we get the holonomic frame of the coordinate vector fields 

To = a^' Tl = 9^' Y2 = a^' T3 = 9^ (2 - 2) 

defined within the domain of the coordinates 3 and naturally associated 

to them. Local coordinates and their coordinate frames (2.2) are sufficient for most 
calculations in general relativity where no spinors are involved. However, when 
dealing with spinors we need to use non- holonomic frames. 

Definition 1.3. A frame of the spinor bundle SM is a pair of smooth sections 
\&2 of SM defined in some open domain of M and linearly independent at 
each point of this domain. 

Frames of TM are often called spacial frames, while frames of SM are called 
spinor frames. Having some spacial frame To, Ti, T2, T3 and some spinor frame 
\&2 with common domain, we can express tensorial and spin tensorial fields 
through their components forming multi-indexed arrays. The indices of such arrays 
are subdivided into three groups: spacial indices ranging from to 3, spinor indices, 
and conjugate spinor indices both ranging from 1 to 2. Indices within each group 
can be either upper or lower. The quantities g pq with two lower spacial indices in 
(1.2) are the components of the metric tensor g, while the quantities g mn are the 
components of the dual metric tensor. The components of these two tensors form 
two 4x4 symmetric matrices inverse to each other: 

3 

$>rff r « = *|. (2.3) 

r=0 
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Similarly, dij and d lJ are the components of the spinor metric and dual spinor metric 
respectively. They form 2x2 skew-symmetric matrices inverse to each other: 

2 

J2d jr d" = S}. (2.4) 

r=l 

The Infeld-van der Waerden field G in (1.1) is presented by the quantities G r p r . 
It has one upper spinor index r, one upper conjugate spinor index f, and one 
spacial index p. The quantities G^ s are the components of the inverse Infeld-van 
der Waerden field. They are produced from G p r by raising the spacial index p and 
lowering the spinor and conjugate spinor indices r and f: 

2 2 3 

Gss = E E E G V 9 PQ drs dp*. (2.5) 

r— 1 r— 1 p— 

The quantities dfg in the formula (2.5) are the components of the conjugate spinor 
metric d = r(d). They are related to dij by means of the complex conjugation: 

djj = dij. (2.6) 

Similarly, the quantities d IJ in the formula (1.3) are defined as follows: 

<f j = d^. (2.7) 
The quantities (2.6) and (2.7) form two mutually inverse matrices: 

2 
r=l 

The equality (2.8) is similar to the above equalities (2.3) and (2.4). 
The quantities G p r and G% s satisfy the following identities: 

The identities (2.9) mean that for each fixed p and for each fixed q the quantities 
Gp T and Gg S form two Hermitian matrices. In the coordinate free form the identities 
(2.9) are written as r(G) = G. 

Now let's proceed to the quantities the formula (1.2). They are the 

components of the dual volume tensor. These quantities are produced from the 
components of the volume tensor uj by means of the index raising procedure: 

3 3 3 3 

co ambn = E E E E ^ 9 pa 9 rm 9 qb 9 sn - (2.10) 

p=0 p=0 r=0 s=0 

Both quantities uj ambn and u! prqs in (2.10) can be produced from the components 
of the metric tensor and the components of the dual metric tensor with the use of 
the Levi-Civita symbol. Indeed, we have the following formula for aj prqs : 



UJprqs — \ — det(gij) Eprqs- (2-H) 
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Similarly, for uj ambn we have the formula 

uj amhn = -y/-det(gv) e ambn . (2.12) 



Regardless of the upper and lower positions of the indices, the components of the 
Levi-Civita symbol are given by the formula 



ibn 



ibn 



if at least two of the four indices 
abmn do coincide; 

1 if the indices ambn form an even 
transposition of the numbers 012 3; 

- 1 if the indices ambn form an odd 
transposition of the numbers 012 3. 



(2.13) 



Note that the space-time manifold M is assumed to be equipped with three geo- 
metric structures: the metric, the orientation, and the polarization (see [2]). 
The orientation in M means that we can distinguish right and left frames. The 
formulas (2.11) and (2.12) are written for right frames. Passing to left frames, we 
should change the sign in the right hand sides of them. 

Let's consider the Lie derivatives Lt r in the formula (1.3). In the case of a 
holonomic frame (2.2) the operators L~r T coincide with the corresponding partial 
derivatives, i.e. Lx r = d/dx r . In the case of a non-holonomic frame we should 
expand To, Ti, T2, T3 in some auxiliary holonomic frame: 

t - = Et?5?. (2 - 14) 

Then the operators Lx r in (1.3) act as the differential operators in the right hand 
sides of the formula (2.14). In other words, for Lf r we have the expression 

^=±n^ (2.i5) 

1=0 

formally coinciding with (2.14). The Lie derivatives (2.15) satisfy the relationships 

3 

[L Ti ,L rj } = Y,4 L ^- ( 2 - 16 ) 

k=0 

The commutation coefficients c,* in (2.16) are the same as in the formula (2.1). 

3. Proof of the identity (1.2). 

The proof of the identity (1.2) is similar to that of the identities (1.1) in [1]. It 
is based on direct calculations. The matter is that the spinor bundle SM is related 
to the tangent bundle TM through canonically associated frame pairs, while the 
fields g, d, G, and u> are given by explicit formulas in such frame pairs. 

Definition 3.1. A frame To, Ti, T2, T3 of the tangent bundle TM is a called 
an orthonormal frame if the metric tensor g and its dual metric tensor are given 
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by the standard Minkowski matrix in this frame: 



9ij = a ' 



1 
0-10 

0-1 









-1 



(3.1) 



Let's recall again that M is equipped with the metric, the orientation, and 
the polarization. The polarization is a geometric structure that distinguishes the 
future half light cone from the past half light cone. 

Definition 3.2. A frame Yo, Yj., Y2, Y3 of the tangent bundle TM is a called 
positively polarized if its first vector field Y belongs to the interior of the future 
light half cone at each point of its domain. 

Definition 3.3. A frame \I>i, M/2 of the spinor bundle SM is a called orthonormal 
if the spinor metric d is given by the following matrix in this frame: 



1 

-1 



(3.2) 



Due to the definition 3.3 the dual spinor metric is given by the matrix 

-1 



1 



in any orthonormal frame of the spinor bundle SM. 

According to the definition of the spinor bundle SM (see [1]), each positively 
polarized right orthonormal frame Yo, Yi, Y2, Y3 of the tangent bundle TM is 
associated with some orthonormal frame \J , 2 of the spinor bundle SM. Such 
frames form canonically associated frame pairs. In any canonically associated frame 
pair the Infeld-van dcr Waerden field G is given by the following Pauli matrices: 



Gn 
— 



Gi = 



1 










1 


= o-q 





1 




1 





= 0-1 



Gf = 






—i 




i 







1 










-1 


= 0-3 



(3.3) 



Substituting (3.3), (3.2), and (3.1) into the formula (2.5), we calculate the compo- 
nents of the inverse Infeld-van dcr Waerden field: 



/~<0 

ii ™ 

Gh = 



1 










1 


= o-q 





1 




1 





= o~i 






/' 




—i 





= -0-2, 


1 










-1 


= 0-3. 



(3.4) 



And finally, substituting (3.1) into (2.12), we calculate the components of the inverse 
volume tensor uj in the right orthonormal frame Tq, Ti, T2, T3: 



, ,ambn ^.ambn 
UJ — — £ 



(3.5) 
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The quantities e ambn in (3.5) are defined by the formula (2.13). Now in order to 
prove the identity (1.2) it is sufficient to substitute (3.1), (3.3), (3.4), and (3.5) into 
(1.2) and verify that this equality is valid for all particular values of the indices p, 
q, m, r, and f . The following computer code does it for us: 

Verif ication_List : = [] : 
for p from by 1 to 3 do 
for m from by 1 to 3 do 
for q from by 1 to 3 do 
for r from 1 by 1 to 2 do 
for br from 1 by 1 to 2 do 
Equ : =0 : 
for s from 1 by 1 to 2 do 
for bs from 1 by 1 to 2 do 
Equ:=Equ+G_ortho[p] [r ,bs] *Inv_G_ortho [m] [s,bs] 
*G_ortho[q] [s,br] : 

od od: 

Equ: =Equ-G_ortho [p] [r ,br] *delta[m,q] 

-G_ortho[q] [r,br] *delta[m,p] : 
for n from by 1 to 3 do 

Equ: =Equ+G_ortho [n] [r ,br] *Inv_g_ortho [m,n] *g_ortho [p,q] : 
od: 

for a from by 1 to 3 do 
for b from by 1 to 3 do 
for n from by 1 to 3 do 
Equ : =Equ-I*g_ortho [p, a] *g_ortho [q,b] *Inv_omega [a,m,b,n] 
*G_ortho[n] [r.br] : 

od od od: 

Verif ication_List : = [op (Verif i cat ion_List) , evalb(Equ=0)] : 
od od od od od: 

Upon executing the above code it is sufficient to type 

print (Verif ication_List) : 

and find that the identity (1.2) is proved for any canonically associated pair of 
frames. Due to the tensorial nature of this identity, being proved for some particular 
frame pair, it remains valid for arbitrary pairs of frames. 

Note that the above code is designed for the Maple 1 package. However, it can 
be easily adapted for other symbolic computation packages. 

4. Other relationships derived from (1.2). 

Let's multiply both sides of the identity (1.2) by and sum it over the index 
to. As a result, applying the second identity (1.1), we get 

O S~1TU f~1Uf r-ITf /^1UU I S~irf /^1UU i") JTU jfU i 

Z LTp Ljg — Ljp Cjg T" Ljg Lz^ — Z (1 (I 9pq ~r 

a=0 b=0 rn=0 n=0 



1 Maple is a trademark of Waterloo Maple Inc. 
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Symmetrizing the equality (4.1) with respect to p and q, we derive 

Gru r~iuf I r^ru /~iur r^vf r^uu i r~irf r^tuu o A TU A^u (a n\ 

p ^q ' ^q ~ ^p """q ' 8 P ~ za a 9pq- V 1 '*) 

Alternating the equality (4.1) with respect to the same pair of indices, we obtain 

3 3 3 3 

Gru /~tur /~iru /~iuf \ s \ ^ \ ^ \ ^ „• „ , ,ambn /~iuu s~irf I a q\ 

p G t; _ G g °p ~ 2-^ 2-^ 1^ 9 P a g l b m n ' ^ ^ 

a=0 b=0 m=0 n=0 

The identities (4.2) and (4.3) taken together are equivalent to (4.1). 

5. The metric connection and its spinor components. 

The metric connection T in M associated with the metric tensor g is a torsion- 
free connection satisfying the condition 

Vg = 0. (5.1) 

The equality (5.1) is known as the concordance condition for the metric and con- 
nection. In the coordinate form the torsion-free condition is written as 

T %- T % = 4- ( 5 - 2 ) 
As for the concordance condition (5.1), it expands to 



Lr r - T ri 9kj - £ T rj 9ik = 0. (5.3) 

k=0 k=0 

The equations (5.2) and (5.3) can be solved with respect to T^-. They yield 

^=Ey {Lrlgrj) + L Tj (g ir ) - L Tr ( 9lJ )) + 

r= ° (5-4) 

c fc 3 3 3 3 s y ' 

r=0 s=0 r=0 s=Q 

The only term, which is skew-symmetric with respect to i and j, is c^/2. Other 
terms are either symmetric or have their symmetric counterparts. For this reason, 
substituting (5.4) back into (5.2), we find that this equality is identically fulfilled: 

pfc _ pfc _ C ij C ji _ k 
ij ji 2 2 ' 

Applying (5.4) to the second term in (5.3), we derive 

3 1 

- £ r ™ 9kj = -75 ( L r r (9ji) + Lxlgrj) - L X] (g n )) - 



2 

k=0 

1 , 3 ^ 1 - 3 ^ 1 3 

-5 £ c " + 2 £ ^ ''- + 2 £ c £ - 9sr ' 

fe=0 s=0 " s=0 



(5.5) 
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(5.6) 



The third term in (5.3) differs from the second term by exchanging i and j: 

3 1 

- Y T r 3 = -- {Lr r (gij) + L rj (g ri ) - L Ti (g rj )) - 

k=0 

1 , 3 1 - 3 1 3 

lY c rj ■ r>Y < 9 si + 2 Y c h 

k=0 s=Q s=Q 

Adding the formulas (5.5) and (5.6), we find that 

3 3 

- Y r « 3kj - Y T ri 9ki = -LrM- 

k=0 k=0 

This relationship is equivalent to (5.3). Thus, for the connection with the compo- 
nents (5.4) we have verified both conditions — the torsion-free condition (5.2) and 
the concordance condition (5.3). 

The metric connection T with the components (5.4) has a spinor extension 
(r, A, A) which is uniquely fixed by the following two concordance conditions: 

Vd = 0, VG = 0. (5.7) 

In the coordinate form the conditions (5.7) are written as follows: 

2 2 

Lr r (da ) - Y A « d U ~ Y d ^ = °> ( 5 - 8 ) 

fe=l k=l 

2 2 ^_ 3 

Lr r (G£) + £ Kk Gf -Y X ',i (: t Y T rp G k = °' ( 5J ) 

k=l k=l k=0 

The A-components of the spinor extension of T are given by the formula (1.3). Our 
next goal is to verify the formula (1.3) by substituting it into (5.8) and (5.9). 

Let's begin with the second term in the formula (5.8). Applying the formula 
(1.3) to this term, we derive the following expression for it: 

Y A « = \YYYY g p s ^ G ?s dk 3 - 

fc=l k=l 5=1 p=0 g=0 

1 2 2 3 2 2 ( 5 - 10 ) 

- 1 Y Y Y ^(cf ) g?- s dkj ~- A YY ^(%) & ^ . 

k=l s=l q=0 i=l 3=1 

For to transform the first term in the right hand side of (5.10) we use the formulas 

2 3 2 3 

^ ^ Gp~ dfcj ^ Gjf d dmpj ^rgm ^ ^ 9mp ^rq • 

k=l m=0 f=l p=Q 
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The first formula (5.11) is derived from (2.4), (2.5), and (2.8). The second formula 
(5.11) is a notation defining T rqm . In order to transform the second term in the 
right hand side of (5.10) we use the formula 

E E L ^{Gf) G? s = - E E G f L rXG?,) (5.12) 

s=l <j=0 s=l q=0 

This formula is derived by applying the differential operator (2.15) to the second 
identity (1.1). Applying (5.11) and (5.12) to (5.10), we get 

2 2 3 3 2 

E A « = 4 E E E E G P G ^ r ^ d " + 

fe=l s=l o=0 m=0 f=l 

2 2 3 2 2 ( 5 - 13 ) 

+iEEE G f LrXGis) d kj - z E E ^ • 

fc=l s=l q=0 i=l j = l 

Now we replace m by p in the first term and replace q by p in the second term 
in the right hand side of the formula (5.13). This yields 

Ea* dkj = |EEEE^ G « r ^ ?i + 

fe=l s=lg=0p=0f=l 

223 a a ( 5 - 14 ) 

+ 4 E E E G p 5 Lr r (G? s ) d kj T EE ^(%) d« • 

fc=ls=lp=0 i=l j = l 

As a result we can apply the first formula (5.11) to the second term in the right 
hand side of the formula (5.14). Then we have 

E a*, ^ = iEEEE G £ r ^ ^ + 



4 ■ 

k—1 5 — 1 g— p— r— 1 

+ \ E E E E G J? ^(g^) - 1 E E ^(%) di. 

s—l r—1 m=0 p=0 j— 1 j'=l 

For the sake of beauty we replace m by q in the formula (5.15): 

2 2 3 3 2 



(5.15) 



E ^ri ^i^^EEEE G ff G is ^rqp d'" + 
k=l 5=1 o=0 p=0 f=l 

i E E E E dfS *. LvXGh) - \ E E ^(%) ^ * 

s=l r=l p=0 a=0 i: = l j = l 



(5.16) 



Now we proceed to the third term in right hand side of the formula (5.8). In 
order to transform it we use the skew symmetry dik = —dki'- 

2 2 

E Kj dik - - E A rj ( 5 - 17 ) 

fe=l fe=l 
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Then we can apply the formula (5.16) to (5.17). As a result we get 

E < = - 1 E E E E - 

fc=l g=l 9 =o p=0 f=l 

1 2 2 3 3 1 2 2 ( 5 - 18 ) 

- I E E E E <% g pq L Tr (Gf s ) + i E E L ^Xki) ~d 11 d r , 

s=l r=l p=0 g=0 j=l j = l 

Let's exchange p with g and exchange f with s in the first term in right hand side 
of the above formula (5.18). Moreover, let's do the same in the second term in right 
hand side of this formula and take into account the symmetry g qp = g pq and the 
skew symmetry d sr = —d rs . As a result of these transformations we obtain 

2 3 3 2 



E < = iEEEE G -- GJ, T r Pg ?> + 

k—1 s — 1 q—0 p—0 r—1 

2 2 3 3 2 2 

+ I E E E E LrJWr) 9p* <% ^ - J E E M^j) & *t 

s=lr=lp=0g=0 j = i j = i 

Now let's add the equalities (5.16) and (5.19). This yields 

2 2 2 3 3 2 



(5.19) 



£ A r fe 4 d kj + £ A^ ** = JEEEE g £ G « ( r ™ + 

fc=l fe=l s=lg=0p=0r=l 

IY M ) cF + ^ E E E E (^(G£) GP S + Gf f L Tr (G[ s )) 



(5.20) 



s— 1 r—1 p—0 g— 

-^2 2 

x d fs g pq - ^ E E Lt tfjd d ij dij ■ 

1=1 J=l 

Let's recall that the differential operator (2.15), when applied to a product, obeys 
the Leibniz rule. Then we can perform the following transformations: 

E E E E ( L ?r(G]f ) G »s + G/, WGf g )) 5pfl = 

s — 1 r—1 p—0 q—0 

= EEEE Gg) a™ 5 P9 = EEEE >< 

s— 1 r—1 p—0 g— s—1 r—1 p—0 q—0 

x 9 Pq ) d* s -EEEE G /r G is d ra . 

s—1 r—1 p—0 g— 

Due to (2.3) and (2.8) the first formula (5.11) yields 

2 2 3 

J2 E G t d kj dar = E G if 9 Pq - (5.21) 

5=1 fc=l g=0 



A CUBIC IDENTITY FOR THE INFELD-VAN DER WAERDEN FIELD 



11 



Applying the relationship (5.21), we can continue the above transformations 

E E E E (Lrjetf) G «- + a?* L r r m) d fS 9 Pq = 

s — l r—1 p—0 q—0 

= E E E E E lt#F <8 ^ <m v - 

fe=l 5=1 s=l f=l p=0 

- E E E E G iV d ra . 

s — l r—1 p—0 q—0 

Now we can apply the second identity (1.1) to the first term in right hand side of 
the above equality. As a result we derive 

E E E E (^(Gjg gs + c/ f L Tr (Gf s )) y , 9po = 

2 " 1, " 1P=09=0 2 2 3 3 ( 5 ' 22 ) 

= E E L ^( 2 *j ~ d " - E E E E G ir G «- L T r ( flP3 ) 5". 

s—l r—1 s—l r—1 p—0 q—0 

Applying the Leibniz rule to the first term in the right hand side of (5.22) and then 
substituting (5.22) back into (5.20), we obtain 

2 3 3 2 



£ a*, dkj + £ a* -,d ik = \ £ y, E E G f? G » ( r - P - 

fc=l fc=l s=lq=0p=0f=l 

1 2 2 3 3 

f T rpg ) ^ + LrXdy ) j E E E E G h G >? L ^9 M ) d 



4 

s—l r—1 p—0 q—0 

The next step is to transform T rqp in (5.23). For this purpose we substitute (5.4) 
into the second formula (5.11). As a result we get 

T rqp = T ( L T,{gvq) + L ~C q {9rp) - L-r p {grq)) + 

3 r s 3 - 3 - (5.24) 

\ ^ u ™ \ ^ H-p \ °op 

+ 2^ ~2 9g p - 2^ ~y 3s Q - 2_j ~y 9sr ■ 

s=0 s=0 s=0 

When symmetrizing with respect to the indices p and g most of the terms in (5.24) 
do cancel each other. The rest of them yield 

r?-gp + r?-pg = L-^ T {g pq ). (5.25) 

Substituting (5.25) back into the formula (5.23), we derive 

2 2 

A-ri d kj + £ d ik = L Tr (d l3 ) . (5.26) 

fo=l k=l 
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Comparing (5.26) with (5.8), wc find that these formulas are equivalent. Thus 
we conclude that for the spinor connection with the components (1.3) the first 
concordance condition (5.7) is fulfilled. 

Now let's proceed to verifying the second concordance condition (5.7). Its coor- 
dinate presentation is given by the formula (5.9). Let's begin with the second term 
in (5.9). Applying (1.3) to this term, we derive 



2 2 2 3 3 *~<is j^q sim ftki 

of = EEE E q 4 p - 

fc=l fe=l s=l q=G m=0 

2 2 3 j- ( /~iis\ s~i m /~iki 2 2 r /l \ Jus f~iii 

fc=l s — 1 m=0 ii— 1 s=l 

In a similar way, applying (1.3) to the third term in (5.9), we obtain 

2 2 3 3 z-iis r^lP- f^ik 

q rrn ks p 



(5.27) 



k—l k—i s=l q=Q m=0 

y-y y-^ ^ ^T r (G^) G^ s Gp fc y^ y^ L~c r {dsu) d us G" 

fe=l S=l m=0 U— 1 S=l 

In order to transform (5.28) we apply (2.6), (2.7), and (2.9). This yields 

2 _ 2 2 3 3 (~tsi rf™ /~iik 

y^ A' - G ife — — rm — 

S = l fc=l s=l 9=0 m=0 



(5.28) 



2 2 3 7- //^si \ /-i™ (~tik 2 2 r / 7 \ j us 

y~^y-^ y-^ ^TCVV^mJ "sfc ^ P y^ y^ ^T r (,»^uJ a <Jp 
k=l s=l m=0 



(5.29) 



Now we replace s by k and replace A; by s in the right hand side of (5.29): 

2 _ 2 2 3 3 /lis (~i rn (~*ki 

E a ^ g p" = EEEE 4 ' - 

fc = l fc=l s=l g=0 m=0 

_ y-> y-^ y-^ ^fc^TA^mi ~ E E p 

fe=l s=l m—0 u=l s=l 

Let's return back to the formula (5.12) and rewrite it as follows: 

2 3 2 3 



(5.30) 



E E L ^ G %) Gl n s = E E Gm LrAGS). (5.31) 



s—l m—0 s—1 m—0 

There is a formula very similar to (5.31). Here it is: 

2 3 2 3 



E G kl L r £G*) = E E l t p (GS) G* (5.32) 



fc— 1 m—0 fc= 1 m—0 
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We apply (5.31) to (5.27) and apply (5.32) to (5.30). Then we add these two 
formulas. As a result we obtain the following formula: 

2 2 _ 2 2 3 3 ( /~iis /~iki _j_ (~iis fiki\ 

£ K k of + £ K- k g? = £ E E E 1 q p \ G p q} x 

k—1 k—1 fc=l s=l q—0 rn—0 

x T ?m GJ5 + £ E E 1 P 4 " j MGS) " (5-33) 

fe=l s=l m=0 



In order to transform (5.33) we use the formula (4.2) derived from the identity 
(1.2). We rewrite this formula as follows: 

Gis /^iki I r~iis r~iki r~iii /~<ks , r^iii *~iks r\ jik lis 
q KJp -f- Lt^ Kjq — (j ^ Lx^ -p Lx^ Lx^ — Z (X (I <Jpq : 

( 5 -34) 

Substituting (5.34) back into the formula (5.33), we derive 

2 2 _ 2 2 3 3 ( f^ii f^ks \ r^ii (~iks\ 

E a;, Gf + £ of = £ E E E ( g p t x 

k=l k=l fc=l s=l g=0 m=0 

x r- „ cfl + E E E 1 P r ^fl) - 



4 

A;— 1 s— 1 rn— 



E E E E r ™ G ™ s EEE V Pm L ^ G ® 

A;— 1 5 — 1 q—0 m— A;— 1 s— 1 m=0 

2 2 7- / j \ jus /^fii 2 2 



y-v y-v L~£ r {dsu) d us y^ y^ L-r r (d S u) d us G l p 



u—1 s—1 u—1 s—1 



In order to transform this equality we use the first identity (1.1) and the second 
formula (5.11). As a result we obtain the equality 



E a;, Gf + £ K- k Gf = E [ q "2 + 

fe=l fc=l 9-0 

2 2 3 ^rii ^ffcs 2 2 3 y~f£j x-y&s 

-EEE ^p- L -rr(G%) + E E E ^ 

fe=l s=l m=0 fc=l 5=1 m=0 

Ji%k ^ji/S 2 2 3 jz 

\ " \ " \ " " r<™ \ " \ " \ " ' » ° ggro r (r , m 

l^Z^l^ — o — 1 rm p G ks~ 2^2^ 2^ 2 LT A G fcs 

=0 

2 2 T { j \ 7t7s 2 2 



(5.35) 



k— 1 s—1 m— A;— 1 s—1 m—0 



LrXdsu) d us G l p y^ y-^ L-£ r {dsu) d us G % * 



u—1 s—1 
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Applying the differential operator (2.f5) to the second identity (1.1), we derive 

E G - L ^ G ^) = - E L ^ G >«) G ^- ( 5 - 36 ) 

m=0 m— 

The equality (5.36) is similar to (5.31) and (5.32). Now we use the second identity 
(1.1) once more in order to perform the following calculations: 

° = EEE Lr r (Gm gs = EEEEEE x 

A;— 1 s—1 m— fe=l s — 1 m— g— 1 r— 1 n— 

2 2 3 2 2 3 

x d« fc d ra flBTO G£) = e E E E E E ^Gft) d« k d fS g nm x 

/c— 1 5—1 m— q— 1 f— 1 n— 
2 2 3 2 2 3 

X G kl + E E E E E E G ," ^(d'* ^ ffnm) + 
k—l s—1 m— q— 1 r— 1 n— 

+ EEEEEE G ^ 5«™ Lr r (G fc l) = 

fc— 1 s—1 m— g— 1 r— 1 n— 
2 2 3 2 2 3 

= EEEEEE G ? " ^ 9fc a™ 9nm ) g% + 

k—l s — 1 rn— q— 1 f— 1 n— 

2 2 3 2 2 3 

+ E E E W ) G ' f +EEE G » £ t p (gk). 

q— 1 r—l n—0 k—l s—1 m— 

It easy to see that the last two terms in the above formula are equal to each other. 
For this reason the above formula is equivalent to 

223 223223 

EE E ^w,) = -^EEEEEE^^^fc")^- 

k—l s — 1 m— fc=l s—1 m— t/— 1 f— 1 n—0 

The operator obeys the Leibniz rule. Therefore, we have 

EEE G - ^(G fe i) = 4 E E E E E E G ^ L ^ k ) x 

fc=l s=l m=0 fe=l 5=1 m=0 9=1 r=l n=0 



x d fs " 5nm G fe l - 1 E E E E E E G ^ d " k L *r(d FS ) x (5.37) 



fc=l s—1 m—Q q—1 r—l n—0 
2 2 3 2 2 3 

X 9n 



1 2 2 3 2 2 3 

G i n s - o E E E E E E G «" d?fc ^~ s ~ G ^ 



2 

/c=l s=l m=0 g=l r=l n=0 

Note that the first formula (5.11), can be rewritten as follows: 

2 3 2 



E E ^ G *" = E G « f d ^ ■ ( 5 - 38 ) 
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The equality (5.11) itself was derived from (2.3), (2.4), (2.5), and (2.8). By analogy 
to it one can derive the following two equalities: 

2 3 2 

E E ^ 9nm Gkl = E G t dfflS > (5-39) 

k=l m=0 k—l 
2 2 3 

E E G ^ = E G f 9 Pm - (5-40) 

fc=l s=l p=0 

Now we apply the formulas (5.38), (5.39), and (5.40) to the formula (5.37) and take 
into account the identities (1.1). As a result we obtain 

2 2 3 2 2 

E E E ° k n L rXG%) = -2 e E L ^{d qk ) d kq - 

fcl s=l m=0 k=l q=l (K Al\ 

2 2 3 3 ' 



2 E E L *r(d fS ) dsr -EE 9 nm LrX 9n 



r—l s — 1 m— n— 

From (2.4) and (2.8) by applying the differential operator L~r r to them wc derive 
22 22 



E E L ^(d qk ) 4 9 = "EE d '* L T r (4g), 

fe=l <J=1 fc=l q=l 

2 2 2 2 

E E L *r(d f ~ s ) dsr = - E E ^ s L f„(4f). 



(5.42) 



r— 1 s — 1 r—l s—1 

Substituting (5.42) into (5.41), we transform (5.41) as follows: 

2 2 3 2 2 



E E E G »? LrXG&) = 2 E E L ^(dsu) d™ 4 

k— 1 s—1 m=0 u=l s — 1 

2 2 3 3 

+ 2 E E L ^dsu) d as -EE 5" m M 9nm). 



(5.43) 



Now we substitute (5.36) and (5.43) into (5.35). This yields 

E K k of = E ^ + 

fe=l k=l 9=0 

3 riU yq -i 3^ 3^ nm j / _ \ 

+ E ^ - - E E 9 t G l 

q—0 m— n— 



E E E ^- r™ P G - - E E E 

fc— 1 s—1 m— fc=l s—1 m=0 

2 2 7- / j \ Jits 2 2 



(5.44) 



L-rXdsu) d us G™ ^ ^ L-rXdsu) d Ub G* 

2^2^ z + 2^2^ z 



It — 1 s — 1 u—1 s—1 
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Now let's study the fifth term in the right hand side of the equality (5.44). 
Applying the identity (5.40) to (5.44), we derive 

E E E ^f- r "- P G - = E E Tj T gmq °?- (5 - 45) 

fc=l s=l m=0 q=0 m=0 

In order to transform (5.45) we use the formula (5.25). This yields 

d ik jis 



E E E 2 Trmp G * 



rmp ^ks 



k—1 s—1 m—0 
3 3 -r , n 3 



= ^2^2 gqm Lr ^ 9pm ^ g" - ^2 — g" 

q=0 m=0 ^ g=0 ^ 

Substituting (5.46) back into the formula (5.44), we get the following equality: 

£ a;, c«+SW = E G f r "p + 

fc=l fe = i g=0 
3 /7« P9 -i _3_ _3_ „nm T I „ \ 
+ 1^ o o L ^(Cx p ) - ^ 2^ 1 G P ~ 



(5.46) 



2 

q=0 



9 qm Lr r (g pm ) nfi d 4fc ^lffp m 

2 



(5.47) 



E E - 1 < - E E E ^V^ 1 + 

g=0m=0 fc=is=lm=0 



' ' LrXdsu) Gf * * L Tr (d su ) d us G$ 



ti = l s = l 



Let's proceed to the second term in the right hand side of (5.47). From (5.4) 

ij = ~ C ji 



due to the skew symmetry c*j = — c_* we derive the formula 



t^ = tt gqmL f 9qm) - ^A8) 

q=0 <J=0 m=0 

Substituting (5.48) back into (5.47), we find that the second term in the right hand 
side of this formula cancels the fourth term over there. So we have 

2 2 _ 3 

EA i /~tki | \ s A i r^tik \ * -pq 1 j / s~iii\ 

A rk U p -t- A rk U p — 9 L rp ~ 7J T ^ P ' _ 

fe=l fe=l 9=0 

- E E ggmL 2 X9Pm) G ^ E E E ^fl) + (5-49) 

q—0 m—0 fc— 1 s—1 m—0 

+EE i — - + EE 4 — ■ 

u— 1 S—1 u— 1 s—1 
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The next step is to transform the fourth term in the right hand side of the formula 
(5.49). For this purpose we recall that L~r r is the differential operator (2.15). We 
apply the Leibniz rule for this operator. As a result we get 



2 2 3 2 2 3 



E E E d ' lk dis ltxgs) = E E E L ^ lk ^ 9pm g%) - 

k=l s=l m=0 fc=l s=l m=0 

2 2 3 2 2 3 

- E E E L ^ k ) <? s g pm G fc l - J2 E E dlk L *r(d js ) g Pm - 

k—1 8=1 m=0 k—1 s — 1 m—0 

2 2 3 2 2 

" E E E d%k d " L ?r(9rm) G? s = L Tr (Gf) -EE L ^ k ) d kq x 

k=l 5=1 m=0 k=l q=l 

2 2 3 3 

x G f ~ E E LrJfi*) G p ~ E E L ?r(9 P m) 9 qm Gf. 

s—lf—l rn—Oq—0 

Note that the quantities L~r r (d lk ) and L~f r {d ls ) form two skew-symmetric 2x2 
matrices. It is known that any skew-symmetric 2x2 matrix is proportional to any 
other nonzero skew-symmetric 2x2 matrix. In particular, we can write 

L Tr (d tk ) = U r d ik , L Tr (d ls ) = U r <? s . (5.50) 

The coefficients U r and U r in (5.50) can be easily calculated: 



-v L-rXd lk ) , L~r r (d S u) d us 

u r = 2^2^ — n — ^ = -LL' 



2 2 

i—1 k—1 u—1 s—1 



t~t LT r {d ls ) -j L-^ {dsu) d z 

u - = l^l^ — o — d ^ = LL 

1 s=l 



(5.51) 



Substituting (5.51) back into (5.50) and using (5.50), we obtain 

2 2 3 2 2 



E E E dlk & LrlG%) = L Tr (Gf) + £ E 

k—1 s—1 m—0 u—1 s — 1 

x Gj? + E E LT ^! fl)d< " - £ £ ^ L rr (9 Pm ) Gf. 



(5.52) 



2 

u=l s — 1 m—0 q—0 

The last step is to substitute (5.52) back into (5.49). As a result we get 

2 2 _ 3 

£ a;, + £ a; s = £ Gf r? p - L Tr (G£). (5.53) 

fc=l fc=l 9=0 

Comparing (5.53) with (5.9), we see that these two formulas arc equivalent to 
each other. This means that for the spinor connection with the components (1.3) 
the second concordance condition (5.7) is also fulfilled. As compared to the paper 
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[1], in this paper we have verified the formula (1.3) in some other way, though the 
calculations here are not less huge than those in [1]. 
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